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The two sequences an and bn are defined by

an  
k1

n

ln 2k  1
2k

and 2bn  ln2n  1  an,n  1.

Prove that the two sequences are strictly monotonic and unbounded.

Solution by Arkady Alt, San Jose,California, USA.

Let cn : 
k1

n

ln 2k
2k  1

. Then cn1  cn  ln 2n  1
2n

 ln 1  1
2n

 1
2n  1

for any n  . ( 1  1
m

m1
 e, m   implies ln 1  1

m  1
m  1

, m  ).

Hence, cn1  cn, n   and cn  c1  
k1

n
1

2k  1
 1
2

k1

n
1
k  1

 1
2
hn1  1,

where hn  
k1

n
1
k
is n-th harmonic number.

Since hn  lnn  1 (because 1  1n
n
 e  lnn  1  lnn  1

n , n  

implies
k1

n

lnk  1  lnk  
k1

n
1
k

 hn  lnn  1  hn,n  ) then

cn  ln2  1
2
hn1  1  ln2  1

2
lnn  2  1.Thus, cn is strictly increasing

and unbounded from above sequence and, therefore, sequence an  cn is

strictly decreasing and unbounded from below.

Since bn  1
2
ln2n  1  an  1

2
ln2n  1  cn then bn is strictly

increasing and unbounded from above sequence as sum of two

strictly increasing and unbounded from above sequences.


